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{KD0+‘§y(X)+7\}’(X) =fO) XERE>0 gy koshi (1) issue

y(0) =y,

y(X)=yoEa(—/1x°‘)+f;Cy“‘le (—2y®) f(x — y)dy (2) - The solution to the Koshi(1)

problem.

We derive the fundamental solution of the fractional diffusion equation by the

solution of the Koshi(1) problem.
The following question is posed:

{KDOng(x, t) — Uy = f(x,t) xeR,t >0 3)

U(x,0) = ¢(x)
(3)We use Fourier integral substitution to find the solution of the equation.
Fourier substitution of the function fin R

—~ + 00 .
FIFI=FIf01(2) = f (3) = J_, e™* f(x)dx,3€R appears.
We use the integral Fourier substitution for a fractional order product meaning Caputo:
I:[KD0+C§U ] = KD0+C§U\
We also express Uy by the Fourier integral substitution:
FlUG=[ ) e Updx=[ " e~ ™2d(U,)=
=e X2U,| %, + i f:;o e Xe(J, dx =0+ 3i f_oooo e~ edU= zi(e™¥2U|%, +

+ 3i f(;oo e™:Ud,=3i(0 + izU)=-320



(When it comes to solutions [ udv = uv — [ vdu from the fractional integration
formula,

e~ * = cosx — isinx, |l}m (U,; U) = 0 we used the equations.)
X|—00

FIFGB] (=1 (3 1)
If we put the resulting expressions in equation(3),this equation takes the following form:
{KDO 0+ 320 = f(3,t) 132eR,t>0
U(30) = ¢(3)
The wview of the equation is consistent with  Koshi(1) problem:

{KDofzy(x) +2y(x) = f(x) xeR,t>0
y(0) =y,

(4)

1)

To find the solution of equation(4),we use the solution of Koshi problem(1)

y(x):yoEa(—/lx“)ﬁJCy“‘le (—Ay®)f(x — y)dy expression(1) is solution of

equation.

Accordingly,we give the solution of equation(4):
0(zt) = E(—32tY) + [y Eqe (32 f (z:t —y)dy  (5)

Dy 5U(x, t) — =f(x,t) xeR,t>0

) 2 ) )

According to this equation {

we use the inverse Fourier substitution to achieve the solution of equation(3).

The inverse Fourier substitution of the function f(x) is called the following integral:
FUf) = FUF 1) = - [, e™f (9)d3
Ergo : U=F[T] —f e i (3;t)dz  (6)

Substituting (5) for U in equation(6),we obtain a fundamental solution of the fractional

diffusion equation of the form:

V0= 5= fj, €% [Ea(—=52t%) + J) " B (—22y D) f (5t — y)dy| d3(7)

Eqution(7) is a solution of eqution(3).



We consider that this solution is appropriate for the following issue:

{K00+05U(x, t)—U,=f xeR,t>0

U(x,0) =6(x) ®)

Here §(x) is Dirac’s delta function:

+00, x = x,

8(x —xo) = {0, X # X,

Jo 8(x—x,)dx=1 , Vy€D(R)=C(R)

fR S(x —x,)p(x)dx = p(x) (9) , 6(x) = 6(—x) (dual function)
Find U(x,0) by equation(7):
U0)= o= f, €% |Ea(=5t%) + [] " Eqq (—22yN)f (5,0 — y)dy| d3 =
— [, e**d3=5(x)
(This is the result [} y*E, o (—3*y*)f (30 — y)dy = 0,
2payn

E, (—3%t%) =Y, (F_(zntﬂ) originated according to the expressions)

According to formula (9) it follows that the solution expressed by eqution(7) is

appropriated for the problem of the form(8)

UX0)=f, o0 [, €% dgldy = [, p() 8(x —y)dy = p(x)
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