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{
𝐷 𝑦(𝑥) + λ𝑦(𝑥) = 𝑓(𝑥)      𝑥𝜖𝑅, 𝑡 > 00+𝑡

𝛼𝐾

𝑦(0) = 𝑦𝑜

  (1)  →   Koshi (1) issue 

y(x)=y0𝐸𝛼(−𝜆𝑥α)+∫ 𝑦𝛼−1𝐸𝛼,𝛼
𝑥

0
(−𝜆𝑦𝛼)𝑓(𝑥 − 𝑦)𝑑𝑦  (2) → The solution to the Koshi(1) 

problem. 

             We derive the fundamental solution of the fractional diffusion equation by the 

solution of the Koshi(1) problem. 

The following question is posed: 

                 {
𝐷 𝑈(𝑥, 𝑡) − 𝑈𝑥𝑥 = 𝑓(𝑥, 𝑡)      𝑥𝜖𝑅, 𝑡 > 00+𝑡

𝛼𝐾

𝑈(𝑥, 0) = 𝜑(𝑥)
     (3) 

(3)We use Fourier integral substitution to find the solution of the equation. 

Fourier substitution of the function f in R  

F[f]=F[f(x)]( ƺ) = 𝑓 ̂(ƺ) ≔ ∫ 𝑒𝑖𝑥ƺ+∞

−∞
𝑓(𝑥)𝑑𝑥, ƺϵR                appears. 

We use the integral Fourier substitution for a fractional order product meaning Caputo: 

F[ 𝐷 𝑈  0+𝑡
𝛼𝐾 ] = 𝐷 �̂�0+𝑡

𝛼𝐾  

We also express Uxx by the Fourier integral substitution: 

F[Uxx]=∫ 𝑒𝑖𝑥ƺ+∞

−∞
𝑈𝑥𝑥dx=∫ 𝑒−𝑖𝑥ƺ𝑑(𝑈𝑥)

−∞

∞
= 

=e−ixƺUx|−∞
∞ +  ƺi ∫ e−ixƺUxdx =

−∞

+∞
0+ ƺ𝑖 ∫ 𝑒−𝑖𝑥ƺ∞

−∞
dU= ƺ𝑖(𝑒𝑖𝑥ƺ𝑈|−∞

∞ +

+ ƺ𝑖 ∫ 𝑒𝑖𝑥ƺ𝑈𝑑𝑥
−∞

∞
= ƺ𝑖(0 +  𝑖ƺ�̂�)=- ƺ2�̂�  



(When it comes to solutions  ∫ 𝑢𝑑𝑣 = 𝑢𝑣 − ∫ 𝑣𝑑𝑢 from the fractional integration 

formula, 

𝑒−𝑖𝑥 = 𝑐𝑜𝑠𝑥 − 𝑖𝑠𝑖𝑛𝑥, lim
|𝑥|→∞

(𝑈𝑥; 𝑈) = 0  we used the equations.) 

                                               F[f(x,t)] (ƺ)=𝑓( ƺ, 𝑡) 

If we put the resulting expressions in equation(3),this equation takes the following form: 

                         {
𝐷 �̂� + ƺ2�̂�  = 𝑓(ƺ, 𝑡)      ƺ𝜖𝑅, 𝑡 > 00+𝑡

𝛼𝐾

�̂�(ƺ, 0) = �̂�(ƺ)
  (4) 

The view of the equation is consistent with Koshi(1) problem: 

{
𝐷 𝑦(𝑥) + λ𝑦(𝑥) = 𝑓(𝑥)      𝑥𝜖𝑅, 𝑡 > 00+𝑡

𝛼𝐾

𝑦(0) = 𝑦𝑜

  (1) 

To find the solution of equation(4),we use the solution of Koshi problem(1) 

y(x)=y0𝐸𝛼(−𝜆𝑥α)+∫ 𝑦𝛼−1𝐸𝛼,𝛼
𝑥

0
(−𝜆𝑦𝛼)𝑓(𝑥 − 𝑦)𝑑𝑦   expression(1) is solution of 

equation. 

Accordingly,we give the solution of equation(4): 

�̂�(ƺ; 𝑡) = 𝐸α(−ƺ2𝑡𝛼)  + ∫ 𝑦𝛼−1𝐸𝛼,𝛼
𝑡

0
(−ƺ2𝑦𝛼)𝑓(ƺ; 𝑡 − 𝑦)𝑑𝑦     (5) 

According to this equation {
𝐷 𝑈(𝑥, 𝑡) − 𝑈𝑥𝑥 = 𝑓(𝑥, 𝑡)      𝑥𝜖𝑅, 𝑡 > 00+𝑡

𝛼𝐾

𝑈(𝑥, 0) = 𝜑(𝑥)
     (3) 

we use the inverse Fourier substitution to achieve the solution of equation(3). 

The inverse Fourier substitution of the function f(x) is called the following integral: 

F-1[𝑓] = 𝐹−1[𝑓(𝑥)](ƺ) =
1

2𝜋
∫ 𝑒𝑖𝑥ƺ𝑓

𝑅
(ƺ)𝑑ƺ 

Ergo :  U=F-1[�̂�] =
1

2𝜋
∫ 𝑒𝑖𝑥ƺ�̂�

𝑅
(ƺ; 𝑡)𝑑ƺ       (6) 

Substituting (5) for �̂� in equation(6),we obtain a fundamental solution of the fractional 

diffusion equation of the form: 

U(x,t)= 
1

2𝜋
∫ 𝑒𝑖𝑥ƺ

𝑅
[𝐸α(−ƺ2𝑡𝛼)  + ∫ 𝑦𝛼−1𝐸𝛼,𝛼

𝑡

0
(−ƺ2𝑦𝛼)𝑓(ƺ; 𝑡 − 𝑦)𝑑𝑦] 𝑑ƺ(7) 

Eqution(7) is a solution of eqution(3). 



We consider that this solution is appropriate for the following issue: 

                 {
𝐷 𝑈(𝑥, 𝑡) − 𝑈𝑥𝑥 = 𝑓     𝑥𝜖𝑅, 𝑡 > 00+𝑡

𝛼𝐾

𝑈(𝑥, 0) = 𝛿(𝑥)
     (8) 

Here 𝛿(x) is Dirac’s delta function: 

𝛿(𝑥 − 𝑥𝑜) = {
+∞, 𝑥 = 𝑥𝑜

0,             𝑥 ≠ 𝑥𝑜
  

 ∫ 𝛿(𝑥 − 𝑥𝑜)𝑑𝑥 = 1     ,     
𝑅

∀𝑦 ∈ 𝐷(𝑅) = 𝐶0
∞(R)   

   ∫ 𝛿(𝑥 − 𝑥𝑜)𝜑(𝑥)𝑑𝑥 = 𝜑(𝑥0) (9)   ,     
𝑅

𝛿(𝑥) = 𝛿(−𝑥) (dual function) 

Find U(x,0) by equation(7): 

U(x,0)= 
1

2𝜋
∫ 𝑒𝑖𝑥ƺ

𝑅
[𝐸α(−ƺ2𝑡𝛼)  + ∫ 𝑦𝛼−1𝐸𝛼,𝛼

0

0
(−ƺ2𝑦𝛼)𝑓(ƺ; 0 − 𝑦)𝑑𝑦] 𝑑ƺ =

  
1

 2𝜋
∫ 𝑒𝑖𝑥ƺ

𝑅
𝑑ƺ =𝛿(𝑥)  

(This is the result ∫ 𝑦𝛼−1𝐸𝛼,𝛼
0

0
(−ƺ2𝑦𝛼)𝑓(ƺ; 0 − 𝑦)𝑑𝑦 = 0,  

 𝐸𝛼(−ƺ2𝑡𝛼) = ∑
(−ƺ2𝑡𝛼)𝑛

Г(𝛼𝑛+1)
∞
𝑛=0   originated according to the expressions)   

According to formula (9) it follows that the solution expressed by eqution(7) is 

appropriated for the problem of the form(8) 

U(x,0)=∫ 𝜑(𝑦)[
𝑅

1

 2𝜋
∫ 𝑒𝑖ƺ(𝑥−𝑦)

𝑅
 𝑑ƺ]𝑑𝑦 = ∫ 𝜑(𝑦)

𝑅
 𝛿(𝑥 − 𝑦)𝑑𝑦 = 𝜑(𝑥) 
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