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ABSTRACT

In this study, a mathematical model of groundwater
uptake, water accumulation and salt filtration was
developed on a two-layer water layer. Two-level reservoirs
compiled and numbered a mathematical model of the
problem of groundwater recovery. The amount of research
is of great practical importance, and in some regions it is
necessary to restore saline soils and create clean water
resources as an environmentally unfavorable situation,
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1. INTRODUCTION

Changes in the salinity and chemical composition of
groundwater, irrigated areas arc determined by
hydrochemical, geological, morphological and irrigation
conditions, through the mass transfer of soluble
substances: convective movement of salts by the filtration
stream, diffusion, melting or solidification of salts, and
gravitational forces. It affects temperature, pressure
gradients, concentration components, the structural state of
aqueous solutions and other physicochemical phenomena.
Designing powerful and powerful tanks, water intake
structures, drainage channels of large gas and oil fields,
ctc. It has the greatest economic efficiency and requires
scientifically based effective methods for solving such
problems, which is one of the important problems of
applied mathematics, To combat drowning, salinization,
flooding, large investments in land reclamation work are
required. Therefore, the development of effective ways to
solve the problem of predicting changes in groundwater
levels is one of the urgent problems,

Recently, hydrogeological modeling has been successfully
developing artificial reproduction on various models of
groundwater filtration processes and related phenomena to
solve hydrogeological problems. It is used not only for a
quantitative assessment of filtration conditions in a
complex natural environment, but also for a deeper study
of the general regional laws of the formation, distribution
and movement of groundwater, as well as the scientific
Justification of the methods and volumes of the designed
hydrogeological studies.
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Numerical solutions in this case become not only a method

of obtaining quantitative characteristics, but also a method

of establishing the laws of the process under study. So, on

the basis of one or another physical model covering the

main aspects of the process, one can obtain the

corresponding mathematical model in the form of a certain

system of equations that are solved numerically using a

personal computers(PC),

The success of the numerical solution of a specific

problem is impossible without a clear physical and

mathematical formulation, without knowledge of the

parameters and initial data of the problem, including the
degree of their reliability.

In the numerical solution method, all available methods of
studying the problem (analytical tools) should be involved:

exact and self-similar solutions obtained under special
assumptions, asymplotic estimates, dimensional analysis,
and also experimental facts.

As a result of the numerical solution, it is possible to
reveal the essential laws of the process, to study the
influence of various parameters on it, etc. Then you can
move on to other, more complex, physical models. The
numerical methods that are implemented on a PC must be
cconomical, that is, spend the minimum number of
arithmetic operations; universal, i.e. suitable for a wide
class of applied tasks, and simply implemented on a PC.
Naturally, the range of such properties includes the
convergence and stability of the numerical method.

In [1], hydrodynamic and hydraulic models of water
runoff in wetlands are proposed, which allow one to
describe the processes of filtration and surface runoff with
varying degrees of detail and accuracy. Based on the
models of salt transfer by interacting filtration and channel
flows, issues of modeling the quality of groundwater and
surface water are considered.

In article (2], the concept of groundwater filtration is
considered. The types and methods of modeling filtration
are described. Particular attention is paid to numerical
modeling. Particular attention is paid to numerical
modeling. The article discusses the role of computer
modeling in hydrogeological research. In addition, the
urgency of developing new methods of computer
modeling and the creation of a modem information
modeling system is emphasized.

In article [3], the process of soaking the aeration zone
under various conditions of water supply to the earth's
surface is considered. With a power-law dependence of the
moisture transfer coefficient and a linear dependence of
the suction height on humidity, an analytical function of
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the initial moisture distribution near the groundwater level
is obtained. Based on the numerical solution of the
corresponding  initial-regional problem, the wetting
process is analyzed under conditions of close occurrence
of groundwater.

In [4], the infiltration rate in the unsaturated zone is
analysed from a probabilistic point of view. It is shown
that the empirical formulas of Horton and Kostiakov,
without apparent physical basis, are explained in a
probabilistic approach. Horton’s formula reflects a
Markovian process contrary to Kostiakov's formula. This
approach made it possible to explain why Kostiakov’s
formula is more powerful than that of Horton.

In article [5], the concept of groundwater filtration is
considered. The types and methods of modeling filtration
are described. Particular attention is paid to numerical
modeling. Particular attention is paid to numerical
modeling. The article discusses the role of computer
modeling in hydrogeological research. In addition, the
urgency of developing new methods of computer
modeling and the creation of a modern information
modeling system is emphasized.

In [6], a mathematical model of the object of study was
proposed, in which the generalized Richards equation was
used to transfer water in unsaturated soils. The resulting
mathematical model was integrated by the finite-difference
method.

In article [7], the process of soaking the aeration zone
under various conditions of water supply to the earth's
surface is considered. With a power law dependence of the
moisture transfer coefficient and a linear dependence of
the suction height on humidity, an analytical function of
the initial moisture distribution near the groundwater level
is obtained. Based on the numerical solution of the

corresponding  initial-regional problem, the wetting
process is analyzed under conditions of close occurrence
of groundwater.

In article [8] discusses the process of using the finite
difference method for solving problems of predicting
groundwater level changes by mathematical modeling of
anisotropic aquifers on an inclined aquifer using
deterministic models, which simplifies the mathematical
description of the initial conditions and the modeling
process itself, and also allows the use of standard
mathematical apparatus for solving complex problems in
non-stationary filtration.

In [9]), a model is proposed that allows one to obtain
reliable information about changes in the groundwater
level and to justify the intensity of water reclamation of
agrolandscapes,  optimize  agricultural  drainage
calculations, and adjust water management of agricultural
lands. Changes in the system of groundwater — the
external environment due to the interaction of two
generalized kinetic units — the ground flow and the
drained  zone are  presented schematically.
Schematization of groundwater swelling from the
catchment allows you to visually come to the balance
equation. A methodology and an example of determining
the parameters of a model of changing groundwater levels
are given. The agreement of the calculation results and the
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experiment gives all the bases for the practical use of the
model.

In [10], a model of the dynamics of groundwater in a
stationary flow was proposed and, guided by the law of
Darcy’s water movement through porous media, we use it
to study a 2D aquifer with a reservoir of water with a
constant slope consisting of homogeneous and isotropic
media; a more realistic case of uniform anisotropic soil is
also being considered. Taking into account some
geophysical parameters, we develop a computational
procedure in the finite difference method, which solves the
obtained elliptic partial differential equation both in a
homogeneous isotropic and a homogeneous anisotropic
medium. After calibrating the numerical model, this
procedure is used to begin the study of the Ayamonte
Huelva aquifer in Spain, a modest analysis of the system is
given, and we calculate the average discharge vector and
its rms value as the first. predicted approximation of fuchs
in this system, giving us a signal about the place of best
operation; The long-term goal is to develop a complete
computing tool for analyzing groundwater dynamics.

In article [11], is a study of the reaction of groundwater to
climate change and human impact-on Manukan Island in
Malaysia. SEAWAT-2000 was used to model groundwater
reactions in the study area. A simulation of six scenarios
representing climate change and human pressure revealed
changes in hydraulic pressures and chloride
concentrations. A decrease in pumping speed and an
increase in reload speed can change the negative effects of
an overdraft on Manukan Island. In general, a decrease in
pumping speed and an increase in recharge speed can
restore and protect groundwater resources on Manukan
Island. Thus, for groundwater management options on
Manukan Island, Scenario 2 can reduce the penetration of
sea water into the aquifer and maintain water resources on
a long-term basis. Choosing Scenario 6 is the best option
during the rainy season. The results of this study provide a
framework that can be used on other small islands with a
similar hydrogeological state to protect groundwater
resources.

In article [12], considers the methodology, the results of
the construction and practical application of mathematical
models of natural-technogenic multi-layer systems. A
technique for constructing joint models of groundwater
and surface water is presented, computer technology for
constructing such systems is given. A technique for
modeling filtration and heat transfer processes for
constructing models of hydrothermal systems is
considered. The systems of regional models for the
conditions of the southeastern part of the West Siberian
artesian basin and for the central part of the
Novomoskovsk industrial district are presented as
examples. .

In article [13], presents to calculate a uniform rise in the
level of groundwater throughout the city of Kharkov, a
mathematical model was developed that takes into account
additional infiltration into groundwater, the amount of
precipitation  that infiltrates into  groundwater,
transpiration, evaporation and groundwater abstraction.
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The developed approach allows the use of numerical
methods of assessment to predict the process of changing
the groundwater level in built-up areas, taking into account
various natural and technogenic factors.

In article [14], the main approaches to modeling moisture
transfer in various irrigation methods are considered, The
well-known models of moisture transfer in a porous-
capillary medium under the action of stationary and
unsteady mass forces are analyzed taking into account the
non-linear effects that can be used for subsoil irrigation. In
this model, the parameters are the groundwater level, the
coefficient of water loss; diameters of capillaries, relative
volume of capillaries, filtration rate, total inflow and
outflow, water level in capillaries, capillary rise speed in
capillaries of a certain diameter, capillary rise height, etc.
A solution to the mathematical model of moisture transfer
of Novoselsky S.N. in frequent derivatives for drip
irrigation. An analysis of the mathematical models
considered has shown that each of the irrigation methods
requires the use of different approaches to mathematical
modeling, reflecting the individual sides of this complex
process of moisture transfer. For the considered irrigation
methods, various approaches to mathematical modeling
are applied, reflecting the physical features of the moisture
transfer process during drip irrigation. Aggregation of the
described models can increase the accuracy of the
mathematical description of the moisture transfer
processes as a whole, which will clarify the engineering
methodology for calculating irrigation and irrigation
norms in order to save natural resources, including energy
costs.

In [15], a mathematical model was developed to study the
distribution of groundwater pressure and its changes in the
area of underground cylindrical structures. Based on the
created model, the influence of the thickness of the
aquifer, soil porosity, filtration coefficient, viscosity
coefficient and piezoelectric conductivity coefficient on
the pressure that groundwater exerts on the lower part of
an underground structure is investigated. The analysis of
the possibility of pushing the structure and the destruction
of the foundation under the influence of pressure caused
by groundwater. Analytical formulas are obtained for
assessing the stresses in the foundation and predicting the
possibility of its destruction.

In [16], a mathematical model was developed for
predicting groundwater levels in two-layer formations.
The authors consider a two-layer medium consisting of
two layers: soil (with low conductivity) and water, as a
mathematical model of a geofiltration process.

In [17], an urgent problem related to the process of change
in underground water level and mineral salt transfer in
soils is solved in the paper. The problem is described by a
system of partial differential equations and the
corresponding initial, internal and boundary conditions of
various kinds. To derive a mathematical model of the
process under consideration, a detailed review of scientific
papers devoted to various aspects and software of the
object of study is given. To conduct a comprehensive
study of the process of filtration and change in salt regime
of groundwater, mathematical models and an effective
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numerical algorithm are proposed taking into account

external sources and evaporation. Since the process is

described by a nonlinear system of partial differential

equations, it is difficult to obtain an analytical solution.

In article[18], further developed the model for determining

and choosing rational parameters of welding modes,

including welding current, for intersecting round rods used

in reinforced concrete building structures. It is shown that

the solution to present problem requires computerized

support, in particular, using the mathematical package

Mathcad. Based on computer modeling, experimental

studies, as well as analysis of the process of heating the
rods, it was found that the current density in the central
part of the contact depends only on the length of the
contact between the welded rods, as well as on the length
of the contact between the electrodes and the rods. A
technique has been developed to determine the
compression force between the electrodes in the center of
the welding contact, taking into account the required
minimum welding current of the crossing round rods. The
studies carried out made it possible not only analytically,
but by computer modeling (Mathcad and Simufact
Welding), to justify the rational parameters of the board
temperatures of the materials being welded, in particular,
round rods in the welding zone and to ensure the reliability
and durability of building reinforced concrete structures.

In article[19], provides a calculation of the profile, which,
at a given radius of curvature, ensures the required zenith
angle of multilateral wells of a horizontally branched
section at the required depth, the lengths and projections of
other characteristic profile sections, the coordinates of the
end points of the branches and the values of the zenith
angle and azimuth in them when drilling along a given
radius. The relevance of the research lies in the
development of recommendations for the use of
horizontally branched wells in the construction of oil and
gas wells, taking into account the geological features and
the influence of technological and technical factors in the
penetration with horizontal and multilateral wells.
Calculations make it possible to choose a well drilling
technology that provides maximum development
profitability and a reliable, stable operation of the selected
wells without complications.

2. MAIN PART

According to the results of the analysis of hydrogeological
conditions, the territory in terms of geofiltration should be
considered as a vertical two-layered medium consisting of
two aquifers (with a relatively close permeability value)
separated by a poorly permeable layer.

Then, the movement of watermarks (groundwater) under
such conditions is described by a system of partial
differential equations:

p2eh e r-,
ot m, M
‘ﬂ:.—k —H_h+_a_(1‘ﬂ)_
or & &
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where, h(x,1), H(x,1) - groundwater and pressure water
levels; u - coefficient of water loss or lack of saturation;
u - coefficient of clastic water loss; m,, m —power of the
separating layer; k,, k —filtration coefficients of the lower

and upper layers.

System (1) is solved under the following initial
conditions:

h(x,0) =hy, H(x,0)=H,. 2)

Here hy(x), H,(x) - arc the initial conditions of

groundwater and pressure water levels,
Then from (1) we inlroducc the notation:

—(r—) 0, Am—f,
um,
B=_-ok_ ’ (f_w) =4q,
um H
./ =Ah-H)+q,
a;H 3)
=B(H-h).
q= con.rl , we differentiate the 1- equation for ¢ in (3).
&h oh OH
AP Lo N L LI 4
or or ot ®
oH ;
Instead, " we put the 2-equation of system (3):
6 h _ oh
=A—-A-B(H-h), 5
o o ( ) )
And (H -h) instead of using the 1- equation of system
(3), we get
o’h
e; -(A B)——BQ. (6)
g-"{A+By—=—B@ @)
or ot
After the designation -g% =Y, -(A+B)=K, -Bg=M
equation (7) looks like this:
Y +KY =M. @®)
The solution to equation (9) will be sought as follows:
O L [I YL c:| =™ [IMe'“dr + c] =
©)
=™ [Ee’“ + c] M e
K K
oh M
—_=—ce lO
a K (19)
As a result of integration (10), we obtain:
h=%f——e""+q, (1)
H similar:
H=—t-—¢e" +5, (12)

We use the initial conditions (2) we obtain the above:
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The accepted filtration conditions give reason to present
the mathematical model of salt transfer as follows [3,4]:

w2 % %
=—(D, )V,ar

) ax
(15)
dg _9 ac, y a:'
% o ox (D )
Initial oonditions.
€ (5,0) = Coo(¥), €(x,0)=Cpo()- (16)
Border conditions:
p % B¢,
(V;"o &y a:) xsl., 0 Ix-0=0! (17)
CYER) c,(x,r)L_M 3 (18)
(19)

chn_Dx%‘ =P:CI_D;£| .
& r=m+0 a s=m—0

where, ¢,(x,t), ¢ (x,f) - is the concentration of salts of

soil and pressure aquifers; V,, ¥, (P;=—k,h—H,
m

(]

V,‘=-kH—_h) - filtration velocity; D,, D;- are the

m
diffusion coefficients of salts; ¢y (x.1), go(x.0)- the
initial distribution of salts in the soil and pressure aquifers;

n,, n, - ctive soil porosity in the respective zones.
3.SOLUTION METHOD

To solve problem (15) - (19), we use the finite difference
method [16,17). In D={0<x<L_,0<¢<T} the region
we introduce a grid, where T is the maximum time during
which the process is studied: For this, we divide the
interval [0,a], in increments of A, and [0,T] in
increments. As a result, we have the grid:
o, ={(x,1,),i=0,1,2,.N j=0,L..J;
x =ih; t;=Jt; tr=T/J,m=h-n}
We approximate equation (1) using an explicit scheme on
the w,, grid in the form:

(20)

Then from (1) we introduce the notation: %(T-aaxﬁ) =0,

hlji-l_h'-’ - kb (,II Hj)+f mj
g & ’ @n
BB X -w
T u-m
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Difference scheme (22) is reduced to the system of linear
algebraic equations

T 'kb

& Tk, .,
W '=(|_.‘_mb)h'1+ H!+q,.1
b

Hemy

Bt omiteky,
-m H -m

O

(22)
H'_HI =(1-

The approximation of the initial conditions (2) is defined
as follows:

k' = hy(x)
H 'o =H,(x)
Numerical (a) and analytical (b) results of calculations for

the following dimensionless parameters are shown in
Figures 1 and 2:

g=1,  p=0.006
m=4, m =45,

4 =0.003,
x=1.10, r=1.15

These results show that with increasing water depth, the

saturation of the soil increases in the form of a square root,
and over time this phenomenon changes little.

(b) Figure 2: Analytical Results of Calculation

We approximate equation (15), using the implicit scheme
@, on the grid in the form:

Cl-Ci _p G2 +Cly |, ci'-cli
Ny T A? oA g
WG =Gy QL =260 +CL O -G .

1 f X AZ X A

The difference scheme (23), is reduced to a system of

linear algebraic equations:

Aoy =By +E,q, ==F,i=LI-1, j=0,J-1, (24)
Acl =B +Ecll =~F,, i=1,1-1, j=0,J-1(25)
where

k, =108 k=59,
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Dt Vr 2D V.r Dt
Ay=(—5+—2-),B = (=—=_ 4 =° +1),E, = ——,
’ (n°A1 noA) ¢ (nBAz n,A % n,A*

Dt V't 2Dt V't D;
AI=(___2+—')vB|=(__z+‘_+l)’E|= rz-

nA®  nA nA®  nA nA

The approximation of the boundary conditions (17), (18),
(19) is determined as follows:

J+l i+l _
CDN CON—I - 0’

+1 _ 4l
L‘;N _céﬂ-l’

cljl-f-) = C‘({;“,
' -eli' =0,
oM = cl}u
on n ?
V. ' —D Conss = Con. =V Cia' =Coy
z “0n z%In z =

The solution of systems of equations (24) as watered as
follows:

& =y Cory + By (26)
if we accept the notation i = i+1, then
o = ao-'q{: '+ By
from this after comparison:

@iy =L
B, -E,  -a

- F, +E, B,
= B Eyay
o ™ Lo Oy

%on-i =15 Boyy =0.

A solution to system (25) is sought as a search sequence
for a solution to system of equations (24):

q’iﬂ = ali+lciii:ll +Biin- 27
accept the notation i ~i—1, then
cIJr:: = au‘-‘:’:’I +B;
from this after comparison:
a,,, = 5
li+l Bl _AI ‘au ’
Bin = 5 i '_‘A‘ L »i=1,..,n-1
B-4-a
Clln = cln
a,=1, B,=0.

The numerical results of the calculations for the following
dimensionless parameters are shown in Figures 1,2 and 3:

g=0, u=0.006, u" = 0.003, k, =10.8,
k=59, m=4,m,=45,n,=01,n=03,
D, =1*exp-5, D] =2*exp-5.
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Figure 3: Change profiles

(---t=8day,—— t=6day, - t=4day,-t=2day)
These results show that with increasing depth, the
concentration of soil salts increases in the form of a square
root, and over time, these phenomena change little

3. CONCLUSION

At the same time, the use of a numerical model
significantly reduces the volume of field studies, which
allows minimizing expensive and material-intensive
experimental work, and therefore, reducing the cost of
drinking water supplied to consumers.
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